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TPPROKYM P T ITCING, T7' FOPMULA IICTPGTIE SHIAPE

OF T117 EARTTI TO A 'TAYTOr V'TT'7

M.S. Molodenskiy has suggested a neu method of solving his inte-
gral equation for the density of - simple lnver and has obtained for-
mulae for successive approximations of the disturbing potential on the
physical surface of the earth /P/. Two first approximations, as is
shown in work /1/, are reduced to the sum of the first two terms of a
Taylor-series expansion of the distirbing potential in powers of the
earth relief height, where the vertical gradients of the gravity anc-
malies are calculated accordinr to tuerv's formula. If we assu'o t1e
earth's physical surface on which the gravity anomalies are given to be
a sphere, then the disturbing, potential, as is known, will be determined
by Stokes' formula. Let us try to obtain this result, nsing the MIolo-
denskiy method of successive a-proximations, and also the method or
transformations by expanding the disturbing potential in a Taylor series.

1. Let us find by Molodenskiy's method the values of the disturbing
potential on the sphere of radius 0 =a+I, ,7winre a is the mean radin s
of the earth. First of all let us note that w:ith H = const 'ololenskliy's
formula coincides with Stokes' formula. However, the integration here
is carried out not with respect to the sphere of rnlius 0,' but with
respect to the sphere of radius a. This is exulained by the fact that
in deriving the formula for the general case, smz.l quantities derend-
ing on H were discarded. Conseqently, let us proceed from the inte-
gral equation

where Ag = gravity anomaly;

r= 2sin --;2

* = angle formed by the radius vectors of the given and current points;
do = surface element of the unit-radius snhere, density of simple

layer distributed on the sphere of radius Q.

Introducing the new function
3X aP - P,

we have

P3 3 " d2.xX =- ,Ag + 6 x. -.
4a
2  

rJ /
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By menn of the small parameter k(0 ,1) we may write

".3 !' z tic

n-O n-0

where p=a+kl,, The series entering into the left and right parts
of the eqiurtion must be .'tual for all values of k - therefore the
multipliers with k, in both parts of the equation must be mutually
equal. Thu, we obtain

2 r n - - " , n

where

Go g, a A g ' , = g, G>3=O..
a 0

Solving these integral equations, we find

0. 3 (
x.= -- + - oo s (,; ) d=,

2 (4(4 )2

and also

x s On ,i)

where s(') io the Sto'es function. The distur!)in- potential deter-
mined by the formula

is foimO, as well as the subsidiary function x, by successive approxi-
mations, i.e.,

T V T
0-0

where each term T, crnt.iins the height f! only to the de,ree n. Thus,
taing into consideration expressions (1) and (2) we obtain T!-(,r



r

do

T, a x . .Ix i 70 g s()d;
r .

T2= a Y, H 7.,---- zo- -0;
S r S r az r

T,1>3 =0.

Consequent l

-T Ag s (,)da.

Thus, if the anomalies Ag are given on the sphere, then ':olodensl:iy's
process of successive approximations leads to Stokes' formula.

P. Let us use the expansion of the disturbing% potential in a Taylor
series

d2 .sg d7' I d"TT = aJ(,,- - ' 1... .. .( )/ + H -- ---- 4 H --
do - 2 d 2  dr, 2 d,-

(4)

and find the values T at points on the sphere of radius e. First

let us obtain auxiliary relations. For this purpose ;e tak~e into con-
sideratiPn Molodenskiy's integral formula

dU0  I OU - U,
d p 2 p , aI ' p

which determines the value of the rnormal derivwtive for the har!nic ftunc-

tion U, given on the surface cf the sphere /2/. p-lying this formula
to the harmionic functions

PdT d dT\

where

dT 2T ()

Lip
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we find

d Agl d'-! Ag d, +(d'-d3

(i=, 2,...)
•d--Ag

Presenting the quantity in the form of a series expansion in
sphericnl harmonics and considering that

r-3 (2/t 1 ) (n + 1) P ,)
2

n-0

where P,, are Le .endre's po2ynomials of the nth order, after corres-
nondin- transfor.ations we obtain

di Ag . i.+. W) di-I Ag)

dpi d 1  . (7)
n-0

These relations, and also

M- P"') )

make it possible without particular difficulties to carry cut the inte-
gration indicatef! in formula (h). Since

4-, d'..4- d? 4=

then with the help of (7) and (w) we find

4- dp . -+p)

where 'T is determined by !tcoken' formula (3). Tn the same way we find

a d 4% d 12T 11 td-. 4Ag 127'-- " ' . -" . .... .. .. .. -" . .. . . . . (in )
4 d d? p P dP p p- )

P1ferntiitin, fun!tion (3) In the lirection of Q, we have
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d2 T dA~ 2A~y 6T()
* dpi2 dP 0

Let us now perform the calculations accordin, to formula ().With
the help of expressions (5) and (9) we obtain

a (gH 4 s d-j + -TH -T +
4;.dp, dp.

here

C,- Ag+ -

The gi-ven result differs from the exaoct val2ec T of the listurl-ni:

potential by the quantity 62 containingr 1?. Tf in formula (V) with i
it is assumed p=a , which corresI.:,)n(ds to tie cnlculation of' th-e veltical
gradiant of the g,,ravity anomaly accord~in,- to :'r=erov' s formlula, thien
instead of fcrmiula (9) we obtain

a diz3T
I=-'

and conscq'ientlv, the 'u-ntity t% ill not ai1"er in thec remiut. -Thio
fully rt-rees with thec ccnrlit on thnt the t,.o fi rct tY ~.~''irx
mations consider quimntit es which c-nrtnin *1 only tc te fir-t der-re"-.
Further, t-Akin.- into cor~qJicieratic'n (11) anc! i1) we hx

4.: dd? 2 d- ) d,, 2 dP -

where

p 2 d? ~~

It is easily un er7,t(j-j that the curntity *containin:- IP ,nt
aprenr in the Afinal reslu;t. if' in W i) :th i w t, C t Q'

In conclusion, lot us note that the pro-tx-r: cf cnl'Thia.' k-C!
into 4fcn'ul '1h), an veil nn 0' nuenofSv

prnxinatr-i , lcealn to ncrartc va:e (,I tV- I;thr ~tc..~l"
the ,fre~ ralius P, i r on' x 'n.te ofc t!-.:% !: :e

we zinr:ume P_.
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